Given a discriminant form D of level N there is a natural lifting mapping elliptic modular forms of level N to vector valued modular forms for the Weil representation associated to D. We show that in some cases the zero component of a lifting of a newform f is just a scalar multiple of f . In order to do so, we split the lifting map into certain partial liftings corresponding to the prime powers exactly dividing N and then proceed to compute the zero components of these partial maps explicitly. As an application we show that the L-function L A (f, s) of a newform f and an ideal class A as defined by Gross and Zagier can be written as a certain L-series of the lifting of f .
Introduction
As a generalisation of the usual elliptic modular forms one can consider vector valued modular forms. Given an even lattice L of even signature with associated discriminant form D = L /L, a vector valued modular form for the Weil representation ρ D is a holomorphic function on the complex upper half plane with values in the group algebra C[D] transforming suitably under SL 2 (Z) and being meromorphic at ∞. Vector valued modular forms are for example important in the theory of Borcherds' automorphic products where they serve as inputs for the singular theta correspondence, see [2] .
Let N be the level of D. There is a lifting map
sending elliptic modular forms f of weight k for Γ 0 (N ) and a certain character χ D associated to D to vector valued modular forms of weight k. This construction is well-known and has for example been studied by Scheithauer in [10] , where one can also find explicit formulas for the component functions of the lifting. As the formulas involve sums over the cusps of Γ 0 (N ) they are useful for squarefree level N but difficult to evaluate for arbitrary N . The zero component of the above lifting has been computed by Bruinier and Bundschuh in [4] , Theorem 5, in the case of N and |D| being an odd prime p, by Bundschuh in his thesis [6] , Proposition 4.3.9, in the case of N being squarefree, and by Zhang [11] , Theorem 4.16, for special discriminant forms whose level is a positive fundamental discriminant. It was observed that the zero component of a lifted newform f is in some cases just a scalar multiple of f . In the present work we consider the zero component where the product runs over all prime powers q = p r exactly dividing N , including p = 2. Further, G Dq (q/p) denotes the Gauss sum defined in Section 3 and χ D is the character given in (3).
As an application, which was in fact the motivation for this work, we apply this result to a rescaled hyperbolic plane in Section 8, and show that the L-series L A (f, s) associated to a newform f and an ideal class A defined by Gross and Zagier in [7] can be written as a certain L-series of the vector valued lifting of f . Using results of Bruinier and Yang (see [5] ) this may lead to a new proof of the Gross-Zagier formula.
Classical modular forms and Atkin-Lehner operators
Let k be an integer. The group GL 
If in addition f is meromorphic, holomorphic or vanishes at the cusps of Γ 0 (N ) we call f a weakly holomorphic modular form, a modular form or a cusp form, respectively. The corresponding spaces are denoted by M
For a prime p we define the usual Hecke operator T p by
For r ≥ 2 and coprime integers n, m we define
This extends the definition of the operator T p to arbitrary positive integers. Further, we define the usual Fricke involution
(This operator is often denoted by W N . The present notation was adopted from [1] in order to distinguish between the Fricke involution and the Atkin-Lehner operators defined later on.)
Next we quickly recall the notion of newforms. For a positive divisor d of N such that the conductor of χ divides N/d there are two natural embeddings of S k (N/d, χ) into S k (N, χ), namely the trivial one f → f and f → f (dτ ). The space of newforms S new k (N, χ) is the orthogonal complement (with respect to the Petersson inner product) of the subspace of S k (N, χ) generated by the images of these embeddings for all divisors d > 1 of N . One can check that the Hecke operators T n and the Fricke involution H N preserve newforms.
Throughout we write e(z) := e 2πiz for z ∈ C. We call f (τ ) = n≥1 a f (n)e(τ n) ∈ S k (N, χ) an eigenform if f is an eigenvector for T n for all n coprime to N , and we say an eigenform f is normalised if a f (1) = 1. Further, we call f a primitive form if f is a normalised eigenform and a newform. It is well-known that the Fourier coefficients of a primitive form are precisely its T n eigenvalues and are therefore multiplicative. Moreover, the set of primitive forms of weight k, level N and character χ forms an orthogonal basis of the corresponding space of newforms. We will need the following result: Proposition 2.1. Let p be a prime such that p 2 divides N and let χ be a real Dirichlet character mod N of conductor d. Further, let N p and d p be the p-components of N and d, respectively. If either p is odd, or if p = 2 and
So for a positive integer n being divisible by p the Hecke operator T n vanishes on S new k (N, χ). Proof. It suffices to prove this for primitive forms. Let f ∈ S new k (N, χ) be a primitive form. First assume p is odd. Then the p-component of the character χ is either trivial or of the form (
· p
). In either case we have
So the claimed statement follows for any prime p from part (c) of Theorem 4.6.17 in [9] . Now we introduce Atkin-Lehner operators following Section 1 and 2 of [1] . For N = qm with q and m being coprime positive integers we define
where x, y, z, w ∈ Z with y ≡ 1 mod q, x ≡ 1 mod m and such that det(
which preserves the corresponding subspaces of modular forms, cusp forms and newforms. Here χ q and χ m denote the q and m components of χ, respectively.
Let q = p r be a prime power. It is shown in [1] that
where G(χ q ) denotes the usual Gauss sum of χ q (this is Theorem 2.1 in [1] ). Proposition 2.2. Let N = pm with p being prime and (p, m) = 1. Further, let χ be a real Dirichlet character such that its p-component χ p is trivial. Then
by part (2) of Theorem 4.6.17 in [9] . In particular, we have a f (p) = 0. Hence the above discussion yields
In either case we have Every discriminant form D is isomorphic to an orthogonal direct sum of 'basic' discriminant forms, the so-called Jordan components. We recall their definition from [10] :
• Let q = p r be a power of an odd prime p. Write q ±1 for the discriminant form Z/qZ where the quadratic form is defined by Q(γ) = a/q for a generator γ where a ∈ Z with ( 2a p ) = ±1. This is called a p-adic Jordan component. The level of q ±1 is q.
• Let q = 2 r be a power of 2. Write q
±2
II for the discriminant form Z/qZ × Z/qZ where the quadratic form is defined on generators γ, δ by Q(γ) = Q(δ) = 0, (γ, δ) = 1/q mod 1 for q +2 II , and
II . This is called an even 2-adic Jordan component. Its level is q.
• Let q = 2 r be a power of 2. Write q ±1 t with t ∈ Z/8Z satisfying ( t 2 ) = ±1 for the discriminant form Z/qZ where the quadratic form is defined by Q(γ) = t/2q mod 1 for a generator γ. This is called an odd 2-adic Jordan component. Its level is 2q.
The direct sum of n Jordan components q ±1 , q
II or q ±1 t j with the same prime power q is denoted by q ±n , q ±2n II or q ±n t , respectively, where the signs are multiplied and t = t j . Such sums are also called Jordan components. Note that the level of a discriminant form is the least common multiple of the levels of its Jordan components.
Eventually, we define the oddity of a discriminant form: For q = 2 r set oddity(q ±2n II ) = 4k mod 8 and oddity(q ±n t ) = t+4k mod 8 where k = 1 if q is not a square and the exponent is −n, and k = 0 otherwise. The oddity of an arbitrary discriminant form is the sum of the oddities of its 2-adic Jordan components.
For a discriminant form D and n ∈ Z the Gauss sum of D is defined by
where e(z) := e 2πiz for z ∈ C as before. Note that this sum is multiplicative in D in the sense that
where a direct sum is always understood to be orthogonal). Therefore it is sufficient to compute Gauss sums of Jordan components. This has been done by Scheithauer in [10] . We use his results to deduce the following formulas: Proposition 3.1. Let q = p r be a prime power and a, s ∈ Z with (a, p) = 1 and 0 ≤ s < r. For p odd we have
and for p = 2 we have G q
Proof. Let p be an odd prime. Then Proposition 3.3 from [10] states that for q not dividing c we have
) is a certain 8th root of unity defined in Section 2 of [10] . Comparing the formula for c = p s a and c = p s we see that 
Vector valued modular forms
Let D be a discriminant form of level N . From now on we assume that the signature of D is even. The group algebra C[D] of D is the C-vector space generated by the formal basis vectors e γ for γ ∈ D with multiplication defined by e γ e δ = e γ+δ . There is a natural inner product on C[D] being antilinear in the second argument, which is defined by e γ , e δ D = 0 for γ = δ and e γ , e γ D = 1.
We define an action of the generators T = 1 1 0 1 and
This extends to a unitary representation
Here it is crucial that the signature of D is even as otherwise we would have to work with a double cover of SL 2 (Z) (see for example [3] , Chapter 1). It is well-known that Γ(N ) acts trivially in this representation.
where
denotes the Dirichlet character associated to D (see [10] , Proposition 4.5). Note that oddity(D) is even by the oddity formula, so χ D is a real character mod N . Next we consider vector valued functions F : 
and if every component function f γ is meromorphic at ∞, that is every f γ has a Fourier expansion of the form n∈Z+Q(γ) a(n, γ)e(τ n) with a(n, γ) = 0 for almost all n < 0. Using the transformation behaviour of F and the formula (2) for the action of Γ 0 (N ) on C[D] it is easy to check that the zero component f 0 of F is a weakly holomorphic modular form of weight k, level N and character
This lifting has for example been studied in [10] , Section 5. Taking the zero component of L D (f ) for an elliptic modular form f gives a linear map
which preserves the corresponding subspaces of modular forms and cusp forms. 
One easily checks that the natural map
sending e γ ⊗ e δ to e γ e δ is an isometry. Moreover, it is an isomorphism of representations, namely of the tensor product representation
. Thereby one obtains the useful formulas
Since the inner products of D and D m (resp. D m ) agree on D m (resp. D m ) we will in the following simply write ·, · for all of these. 
Proof. Writing x = γ∈Dm x, e γ e γ we see that it is enough to prove the lemma for the basis vectors e γ in C[D m ]. The first statement is trivial for x = e 0 . For γ ∈ D m with γ = 0 we have by (8) that
Since d is coprime to m and the level of D m is a multiple of m we have dγ = 0. Using (2) we thus obtain
It follows from (7) and the action of Γ 0 (m) in ρ Dm that
This proves the lemma.
We now consider the partial lifting
This gives a well-defined linear map sending modular forms
and are therefore meromorphic at the cusps. The zero component
is again a modular form in M
Theorem 5.2. Let D be a discriminant form of even signature and level N = q 1 · · · q l with pairwise coprime prime powers q i = p Let m := N/r and n := N/s. Let A and B be systems of coset representatives of Γ 0 (N )\Γ 0 (m) and Γ 0 (N )\Γ 0 (n), respectively. One easily verifies that B is also a system of coset representatives of Γ 0 (m)\Γ 0 (t). Hence AB is a system of coset representatives of Γ 0 (N )\Γ 0 (t). Writing out the definition of Φ
The second statement of Lemma 5.1 shows that ρ
To rewrite the sum over B into L N/s we had to use that B is a system of coset representatives of Γ 0 (N )\Γ 0 (n). 
where G Dq is the Gauss sum of D q defined in Section 3.
Proof. A straightforward computation using the definitions of ρ D (S) and ρ D (T ) and the usual orthogonality relations for characters shows
Using the previous two lemmas we see for
Proposition 6.3. Let β 0 , . . . , β q be as in Lemma 6.1 and let
Proof. Fix a choice of integers z, w with qw − mz = 1 and define w q := q 1 N z qw as in Section 2. A direct computation shows that
Moreover,
by definition. This proves the proposition since T acts as the identity on (T q • W q )(f ). 
where g := H N (f ) = n∈Z a g (n)e(τ n) is the Fricke involution of f and
This gives the stated formula.
Partial liftings of newforms
As before let D be a discriminant form of even signature and level N = qm with q = p r , p prime and (p, m) = 1. From now on we will focus on the action of Φ 
Powers of odd primes
Let q = p r be a power of an odd prime p.
with non-negative integers n j be a Jordan decomposition of D q . In the special case q = p the discriminant form D q is of the form p ±nr and we have χ p = (
1. For q = p we have
2. For q = p r with r ≥ 2 we have
where G(ψ) = p−1 j=1 ψ(j)e(j/p) denotes the usual Gauss sum of ψ, and g ψ denotes the twist of g by ψ, that is g ψ = n≥1 a g (n)ψ(n)e(τ n).
Proof. First, let q = p. The contribution to Φ p D coming from Proposition 6.4 is just f since G Dp (0) = |D p |. Adding the expression given in Proposition 6.3 we obtain the first formula. Note that G Dp (m) = ( 
nr . Now let q = p r with r ≥ 2. Write g = n≥1 a g (n)e(τ n) = H N (f ). Proposition 2.1 states that a g (n) = 0 for all n being divisible by p, and that (T q • W q )(f ) = 0 as W q (f ) is a newform of level N and character χ D . So applying Proposition 6.3 and Proposition 6.4 to Eq. (11) yields
Let n ≥ 1 with (n, p) = 1. Then
By Proposition 3.1 we can write
Using that ψ s has conductor 1 or p one can easily see that the inner sum vanishes unless s = r − 1, in which case it equals the usual Gauss sum
nr . Therefore we finally obtain
If we insert this expression into (13) we are done.
Corollary 7.2. If n r is even then
nr is trivial. If q = p then the p-component χ p = ψ of χ D is trivial and thus we have ( 
is defined as in (1) and
since a f (p) = 0 by part (1) of Theorem 4.6.17 in [9] . Hence we have
where λ := G Dp (1)
So the subspace U f spanned by f and f (p) is invariant under Φ p D . We distinguish two cases: (N, χ D ) . In the following we give examples which show that part (1) and (2) 2 + O(q 4 ) where q = e 2πiτ . We have shown that
for some non-zero constant λ ∈ C * where ψ =
is not a multiple of f , hence not a newform. Therefore H N ((H N (f )) ψ ) and Φ ). Put N = 3. By Theorem 7.1 we have
Powers of 2
Let now q = 2 r be a power of p = 2. If q = 2 then D does not contain any odd 2-adic Jordan components and we may proceed as in the previous subsection. Moreover, the 2-component
) of χ D will always be trivial since |D 2 | = 2 2n for some positive integer n. So Proposition 2.2 applies and thus we obtain:
Next let q = 2 r with r ≥ 2. Using the formula given in (3) it is not difficult to see that χ q = ( 
be a Jordan decomposition of D q with non-negative integers n j , m j and n r 1 , m r 2 ≥ 1. Note that r = max(r 1 , r 2 + 1). As in the proof of Theorem 7.1 we want to apply Proposition 2.1. This is possible if the conductor d q of χ q is smaller than q. On the other hand, if d q ≥ q we may generalise part (1) of Theorem 7.1:
, and in both cases we have By [10] , Proposition 3.5, the Gauss sum of 2
vanishes for 2m, so G D 4 (2m) = 0. In order to obtain the claimed formula from (11) it remains to note that we still have
Next let d q = 8. If q = 4 there can be at most one odd Jordan component 2
. If there is no such component then χ q is trivial, and if there is one then m 1 needs to be even as the signature of D is even by assumption, and thus χ q is of conductor at most 4. So let q = 8. Then we have exactly two odd Jordan components, namely 2
, since otherwise d q is at most 4 as before. Remark that m 1 and thus m 2 need to be odd in order to give a character χ 8 of conductor 8. Next we have
Again all Gauss sums vanish by [10] . Further, we assume that the signature of all odd 2-adic Jordan components of D q is even, which is equivalent to m 1 , . . . , m r 2 being even by the oddity formula.
2. If r = r 2 + 1 ≥ r 1 and m r 2 ≡ 2 mod 4 then
where ψ is primitive mod 4 and G(ψ) = 
Note that (2 j−s )
is a discriminant form of even signature as we assume that m j is even. Moreover, the character ψ s is of conductor 1 or 4 for the same reason as χ q is. Next we observe that ψ s is trivial for r 2 ≤ s ≤ r − 1 and G Dq (2 r 2 ) = 0 by [10] , Proposition 3.5. Thus Eq. (14) becomes
e(− n/2 r−s ).
The first inner sum vanishes for r − s ≥ 3 as the conductor of ψ s is at most 4, and the second inner sum vanishes for r − s ≥ 2. We distinguish the following two cases:
1. Let r = r 1 > r 2 + 1. Then the first sum vanishes completely and we are left with the last summand of the second sum: µ(n; D q , m) = |D q | − G Dq (2 r−1 ). So we are indeed in the first case of the theorem.
2. Suppose that r = r 2 + 1 ≥ r 1 . Then the secon sum vanishes and only the last summand of the first sum remains:
By (16) we know that ψ r−2 is trivial if m r 2 ≡ 0 mod 4 and primitive mod 4 if m r 2 ≡ 2 mod 4. In the latter case we obtain part (2) of the theorem, and otherwise it remains to note that G Dq (2 r−1 ) = 0 as mentioned above in order to obtain part (1) again.
In order to show that Φ q D is an endomorphism or injective we may argue as in Proposition 7.3, now using Proposition 3.5 and 3.6 in [10] instead of Proposition 3.3.
If we omit the assumption that m 1 , . . . , m r 2 are even integers, the functions ψ s defined above might not be characters anymore. However, if we assume that the even 2-adic Jordan components "dominate" the odd 2-adic Jordan components in the following sense we recover part (1) of the previous theorem: 
Summary and an application
Given a particular nice situation we may summarise our results using Theorem 5.2: Theorem 8.1. Let D be a discriminant form of even signature and level N . Assume that for every odd prime power q exactly dividing N the exponent n r in the Jordan decomposition (12) of D q is even. If N is even we further assume that either all 2-adic Jordan components of D are even, or that the even 2-adic Jordan components 'dominate' the odd ones as in Proposition 7.11. Then
where the product runs over all prime powers q = p r exactly dividing N , including p = 2. 
The Gauss sums can be computed with the formulas from Propositions 3.3 and 3.6 in [10] giving G Dq (q/p) = q 2 /p. As |D q | = q 2 we obtain
where the product runs over all primes dividing N and ϕ denotes Euler's ϕ function.
The following application was proposed by J. H. Bruinier, and was in fact one of the main motivations for the considerations of this work (compare [5] 
which gives rise to a map sending modular forms F for the Weil representation ρ L /L to modular forms F M for ρ M /M defined by
for γ ∈ M /M , see Lemma 3.1 in [5] . Let F be a vector valued cusp form for ρ L /L of weight 1 + b − /2 = 2, and let b(n, γ) with γ ∈ M /M and Q(γ) ≡ n mod 1 denote the coefficients of F M . Identifying M /M with P /P ⊕ N /N we may view P /P as a subgroup of M /M . In [5] , Eq. 
where r(n, γ) are the coefficients of the vector valued theta series of P, that is Θ P (τ ) = x∈P e(τ q(x))e x+P = γ∈P /P n∈Z+Q(γ) n≥0 r(n, γ)e(τ n)e γ .
Note that the zero component of Θ P equals the usual scalar valued theta function θ P (τ ) = x∈P e(τ q(x)) = n≥0 r(n)e(τ n).
For simplicity, we drop the subscript M in L(F M , U, s), writing L(F, U, s) instead. Let now F = L D (f ) be the lifting of a primitive form f ∈ S new 2 (N, χ D ). Further, we assume that the discriminant d of P is an odd (and therefore squarefree) negative fundamental discriminant which is coprime to N . Then every element in P /P ∩ L /M has 
(Note that the Fourier coefficients a f (n) of f are real since the character χ D is trivial.) As in [7] we assume that there are Heegner points of discriminant d on the curve X 0 (N ) which is equivalent to saying that every prime divisor of N splits in K := Q( √ d). So ( On the other hand the Dirichlet class number formula states that
where h(d) is the class number of K and ω(d) is the order of the unit group of O K . Moreover, it is not difficult to see that
where A is the ideal class associated to P and θ A is the theta function given in [7] , equation (5.2). Taking derivatives on both sides of (25) and plugging in s = 0 we obtain
where L A (f, s) is the L-function associated to the newform f and the ideal class A as in [7] , equation ( [5] . On the other hand the value of the automorphic Green function on the left-hand side of the cited formula is essentially the archimedian part of a certain height pairing (compare [5] , equation (5.1)). In order to obtain a formula for L A (f, 1) in the spirit of Gross and Zagier one could try to relate the first summand of the right-hand side of [5] , Theorem 4.7, to the finite part of this height pairing.
